We study the spherical collapse model in the Dirac-Born-Infeld (DBI) scenario of dynamical dark energy. The DBI action is included in the class of k-essence models, and it has an important role in describing the effective degrees of freedom of D-branes in the string theory. In the DBI setup, we take the anti-de Sitter (AdS) warp factor f (φ) = f 0 φ −4 , and investigate the self-interacting quartic potential V (φ) = λφ 4 /4. The sound speed c s of the scalar perturbations can evolve with time in our model. In addition, this setup make it possible for dark energy to cluster. We examine the growth of the perturbations in both the linear and non-linear regimes. In the linear regime, we apply the Pseudo-Newtonian formalism, and show that dark energy suppresses the growth of perturbations at low redshifts. We apply the full expression of effective sound speed in our calculations, and show that it is very close to the adiabatic sound speed during all the cosmological evolution. From study the Integrated Sachs-Wolf (ISW) effect in our setup, we see that the model manifests some deviation from the concordance ΛCDM model. In the non-linear regime, we follow the approach of spherical collapse model, and calculate the linear overdensity δ c (z c ), the virial overdensity ∆ vir (z c ), overdensity at the turn around ζ(z c ) and the rate of expansion of collapsed region h ta (z). Our results imply that the provided values of δ c (z c ), ∆ vir (z c ), ζ(z c ) and h ta (z) in our clustering DBI dark energy model approach the fiducial value in the EdS universe at high enough redshifts. We further compute relative number density of halo objects above a given mass in our setting, and show that the number of structures with respect to the ΛCDM model is reduced more in the high mass tail at high redshifts.
I. INTRODUCTION
Cosmological data from different instruments indicate that the present-day Universe experiences an accelerating expansion [1] [2] [3] [4] [5] [6] [7] . This acceleration is usually attributed to the dark energy (DE) whose nature is still unknown for us. The most familiar candidate for the DE is the Einstein cosmological constant Λ which gives rise to a constant energy density for the Universe and this in turn leads to the negative pressure required for having an accelerating expansion. The cosmological model based on the cosmological constant is called the ΛCDM model, and it matches very well with observational data from the cosmic microwave background radiation and large-scale scale structure formation. Is spite of its achievements, the cosmological constant suffers from some catastrophic drawbacks such as the fine-tuning and cosmic coincidence problems [8] [9] [10] [11] [12] . To overcome these problems, cosmologists consider the dynamical DE models. One important class of the dynamical DE models are based on a scalar field describing the evolution of vacuum energy content. In these kinds of models, the equation of state of the scalar field tends to the vacuum energy behavior just after the pressureless matter constituent has dominated over radiation contribution. A cosmological solution which shows such a trend is called the tracker solution.
The most famous scalar field DE model is the quintessence model [13, 14] , in which a scalar field with a canonical kinetic energy is coupled minimally to the Einstein gravity. The quintessence model can provide the tracker solutions required to solve the coincidence problem, but to do so, the parameters of the scalar potential should be adjusted very carefully. Therefore, the model requires high level of fine-tuning which is at odds with the primitive intentions of the model. An important alternative to the quintessence is the k-essence model [15] [16] [17] of DE, in which the kinetic term of the scalar field is generalized. In contrast to the quintessence model, the tracker solutions of the k-essence model are general solutions of it, and hence the k-essence does not require high level of fine-tuning to overcome the coincidence problem. One privileged k-essence model which has robust theoretical motivations is the Dirac-Born-Infeld (DBI) dark energy model. The DBI action was formerly offered as a substitute for the standard action of electrodynamics. In the recent theoretical developments in the string theory, the DBI action has a prominence role in implying the effective D-brane degrees of freedom [18] [19] [20] . An attractive property of the DBI dark energy model is that the sound speed of the perturbations in this model can be different from the light speed. Therefore, it is expected that this feature has a noticeable implications in study of the large-scale structure formation in the Universe.
In the process of structure formation, the gravitational instability cause the primordial density perturbation collapse [21] [22] [23] [24] [25] [26] . The primordial density perturbations are produced during the inflationary era [27, 28] . During inflation the Hubble horizon shrinks and so the wavelenght of the cosmological perturbations exceeds the horizon size. In the subsequent stages of the Universe history, the horizon expands, and the perturbations enter the horizon again. At the early times after their reentry, the overdensities are small so that the linear theory of perturbations is applicable. In this period, the interesting scales in cosmology are much smaller than the size of the Hubble horizon, and also the velocities are nonrelativistic. So, the linear regime of perturbations holds, and we can apply the Pseudo-Newtonian formalism to analyze the evolution of the overdensities. Since in the Pseudo-Newtonian formalism, the relativistic effects lead to the appearance of pressure terms in the Poisson equation, the Newtonian hydrodynamical equations can be used in the expanding Universe [29, 30] . However, at late times the perturbations grow and the overdensities enter the non-linear regime. From investigating the dynamics of the overdensities in the non-linear regime, we can obtain valuable cosmological predictions which can be assessed by observations. A simple analytical manner in study of the non-linear perturbations is the spherical collapse model (SCM) [21] . A feasibility of SCM is that in this scenario DE can behave like a fluid with clustering features same as those of DM [29] . This property of DE originates from the naive idea that when fluctuations in the fluid pressure grow, the effective equation of state of the collapsed sphere becomes different from that of the unperturbed background [29] . As discussed in [30] , the clustering properties of DE can manifest signals which are observable on the cosmological data.
In the present paper, we study the cosmological structure formation within the framework of DBI clustering DE. Although, we have investigated this subject previously in [31] by assuming constant values for the adiabatic sound speed of the overdensities, but it is more sensible if this parameter is allowed to evolve with time. In addition, in [31] , the perturbation is examined only in the asymptotic limits of non-clustering and full-clustering in which the effective sound speed is set c eff = 1 and c eff = 0, respectively. But, it will be more general and accurate if the full expression of this quantity is applied in the calculation. In this paper, we consider these possibilities, and examine the growth of the perturbations in both the linear and non-linear regimes. In our examination, we assume that the dynamics of the DBI scalar field is determined by the self-interacting quartic potential V (φ) = λ(φ/M P ) 4 /4 where λ is a constant. We also take the DBI warp factor in the anti-de sitter form f (φ) = f 0 /φ 4 with constant f 0 , and study the cosmological implications of our model. For this purpose, we first investigate the consequences of our model in the background cosmology in Sec. II. Then, in Sec. III, we examine the growth of the perturbations at the linear level. Subsequently, in Sec. IV, we proceed to study the non-linear dynamics of DM and DE overdensities by using of SCM. Finally, in Sec. V, we present our concluding remarks.
II. DBI DARK ENERGY MODEL
The action of DBI dark energy in the context of Einstein gravity is in the form [32] 
where M P = (8πG) −1/2 is the reduced Planck mass. Also g and R are respectively the determinant of the metric g µν and the Ricci scalar. Furthermore, S m is the matter field action and L(X, φ) is the DBI non-canonical scalar field Lagrangian given by
In the above relations, f (φ), X ≡ −g µν ∂ µ φ ∂ ν φ/2 and V (φ), are respectively the warp factor, the canonical kinetic term, and potential of the DBI scalar field φ.
For the DBI Lagrangian (2), the corresponding DE density and pressure are defined as follows
where ", X ≡ ∂/∂X", and the parameter γ is given by
The γ parameter determines the relativistic limit of brane motion in a warped background.
Taking the variation of action (1) with respect to the spatially flat Friedmann-Robertson-Walker (FRW) metric gives the first and second Friedmann equations as follows
where H =ȧ/a and ρ m are respectively the Hubble parameter and pressureless matter energy density. It should be noted that the canonical kinetic term for the flat FRW metric
Furthermore, varying the action (1) with respect to φ gives the equation of motion of the scalar field asφ
where ", φ ≡ ∂/∂φ". Note that one can also extract the equation of motion (8) from the continuity equation of the scalar field φ,
Additionally, from the continuity equation of pressureless DṀ
one can obtain the evolution of matter field,
where ρ m 0 denotes the present matter energy density at the scale factor a 0 = 1.
In the context of non-canonical scalar field, the propagation speed of the scalar field fluctuations δφ among the homogeneous background is given by the adiabatic sound speed
Note that c s should satisfy the condition 0 < c 2 s ≤ 1 because the adiabatic sound speed must be real and subluminal [33] [34] [35] . In DBI dark energy model, one can obtain the sound speed from Eqs. (3), (4), and (12) as
It should be noted that only three equations from Eqs. (6), (7) , (8) , and (10) are independent. Throughout this paper, we regard the set of Eqs. (6), (7) , and (10) as the independent equations, which describe the dynamics of the Universe thoroughly. We focus in this paper on the examination of the self-interacting quartic potential
where λ is a positive parameter. In addition, we assume that the DBI warp factor follows the anti-de Sitter (AdS) form [32, 36, 37] 
with another positive constant f 0 . Therefore, by applying Eqs. (14) and (15) in Eqs. (5), (6) , and (7), the background equations will be
where the prime denotes the derivative with respect to the scale factor a. Here, it is useful to introduce the following dimensionless quantities
As a result, Eqs. (16) , (17) , and (18) can be rewritten in the dimensionless form as
Now, we solve Eqs. (21) and (22) We see that the casef 0 = 10 3 the model does not behave like ΛCDM in the late time; (v) for the all models c 2 s is very small and even it is zero for largerf 0 .
III. LINEAR PERTURBATION THEORY
In this section, we study the linear regime of structure formation in the DBI dark energy scenario. For this purpose, it is suitable to start with the perturbations of the DBI scalar field. Our analysis is concise here, and for more details on the perturbations of scalar fields with non-canonical Lagrangian, one can see [39] [40] [41] [42] [43] [44] . Perturbing the background metric leads to a perturbation for the scalar field which is denoted here by ϕ ≡ δφ. Like the scalar field φ, we normalize its perturbation to M P , soφ ≡ ϕ/M P . Due to perturbing the scalar field φ, its energy density and pressure is also perturbed as
For δX in the above equations, we can use [44, 45] 
where Φ is the gravitational potential appeared due to the metric perturbation. We remind that the prime denotes the derivative with respect to scale factor a. Using Eqs. (3), (4), and (25) in Eqs. (23) and (24), the perturbed energy density and pressure of the DBI scalar field are resulted in as
From the above equations, we can show that the effective sound speed c 2 eff ≡ δp d /δρ d of the DBI model in the presence of the scalar field perturbations is given by
Since the effective sound speed is related to the perturbed quantities, thus it will be a gauge-dependent quantity. In different gauges, the velocity divergence
takes different values. Instead of θ is more appropriate to work with its normalized form,
The normalized velocity divergence of the scalar field has relation with its perturbation as follows [44, 45] 
In the rest frame of the scalar field (i.e. in the gauge where the scalar field is at rest), we haveθ d = 0, and so from the above equation, we will haveφ = 0. Inserting this into Eq.
(28), we see
Therefore, in the rest frame of dark energy, the effective sound speed (28) of the DBI scalar field reduces to the adiabatic sound speed which is already given in Eq. (12) .
In order to investigate the linear growth rate of density perturbations of both the pressureless DM and DBI scalar field in our model, we use the Pseudo-Newtonian (PN) formalism [46] [47] [48] . In this formalism, the linear density contrasts of non-relativistic DM δ m ≡ δρ m /ρ m and DE δ d ≡ δρ φ /ρ φ satisfy the following equations [49] δ m + θ m a = 0,
For Φ in the above equation, we use the Poisson equation which on the sub-horizon scales and in the Fourier space reads [47] −
To determine the evolutionary behaviours of DM and DE perturbations, it is more convenient to express Eqs. (33)- (36) in terms of the scale factor a. In this regards, we get
In order to solve this set of coupled differential equations, we assume that at the initial redshift z i = 10 4 , the following initial conditions are valid in the Einstein-de Sitter (EdS) limit [50, 51] 
To derive Eq. (42), we note that during the matter-dominated era, the density contrast of DM evolve as δ m = Ca, where the proportional constant can bet set C = 1 without any loss of generality. Equations (43) and (44) can simply be derived respectively from Eqs. (38) and (40) in the matter-dominated era. We also can extract an initial condition forθ d i by using Eq. (39) . To this aim, we assume that at the initial times the scalar field perturbatioñ ϕ = 0 is so small that the effective sound speed (28) is approximately equal to the adiabatic sound speed (c eff ≈ c s ).
In Fig. 3 , we represent the evolution of the growth factor D = δ m /δ m 0 normalized to its value in a pure matter model (D = a) versus redshift z. From the figures we infer that (i) for a given redshift z, the result of D/a in the DBI models is smaller than ΛCDM model;
(ii) In the DBI models, like the ΛCDM model, the growth of perturbations is suppressed at low redshifts, due to the effects of DE which its role becomes dominant around the present redshift; (iii) At large redshifts, D/a tend to a constant value, since in the early periods the influence of DE can be neglected in all the models. It is notice to mention that, although k is appeared in our calculation, but D/a is scale independent, see Fig. 3 (c).
In Fig. 4 (a) and 4(c), the behavior of the normalized scalar field perturbation,φ, is shown versus redshift. In this figure, it is apparent that the scalar field perturbation begins from small values at the initial times, and then it grows slightly, so that its value remains small until the present epoch. Thus, from Eq. (32), we expect that the effective sound speed (28) be almost equal to the adiabatic sound speed (12) . This fact is illustrated in Fig. 4(b) and 4(d). Our investigation here is preferred than the our earlier work [31] in some aspects.
Firstly, we have included the evolution of the sound speed in the present work, while it is taken as a constant parameter in [31] . Secondly, we solve Eqs. we plot the scaled normalized scalar field perturbation k 2φ and the sound speed ratio c 2 eff /c 2 s for different k. We see that the quantity k 2φ is scale independent which is in agreement with the result of Eq. (31) . Also the results of effective sound speed are not so sensitive to k and the maximum difference is of order O(10 −2 ).
We can use the results of growth factor to study the evolution of the Integrated Sachs-Wolf (ISW) [52] . The ISW effect is an angular variation in the CMB temperature due to photons encountering a time-varying potential well, it means it is due to the change in the potential along the line of sight. The evolution of the relative change of the CMB temperature is given by
where χ H is the horizon distance [53] . Also Φ and Ψ = −Φ are the gravitational potentials which are related via the Poisson equation to the matter overdensity, see Eq. (37) . Thus, the derivative of the potential can be related to a derivative of the matter and DE density field, effective sound speed and the scale factor. In Fig. 6 , we plot the differences between the ISW effect of the DBI model and that obtained in ΛCDM. For all values of the model parameters, since dark energy perturbations affect the matter perturbations, the value of ISW for DBI models are different from the predictions in ΛCDM. As we can see at early times when the dark energy contribution is negligible, all the models approximate the EdS model. We will therefore have that (δ ∝ a), and therefore there is no contribution to the ISW effect. Also we see that the differences between the ISW effect of the DBI model and ΛCDM are more pronounced for the smallerλ or (largerf 0 ).
IV. SPHERICAL COLLAPSE IN THE DBI MODEL
Here, we study evolutions of the non-linear overdensities of DM and DE in the context of clustering DBI non-canonical scalar field. To this aim, we use the spherical collapse model (SCM) which is the simplest analytical approach to investigate structure formation in nonlinear regime [21, 54, 55] . In the spherical collapse scenario, spherically symmetric regions with different peculiar expansion rates are separated from the homogeneous background. In the SCM, the evolutions of non-linear overdensities obey the following equations [49, 51, 56] 
where δ j Eqs. (46) and (47) in terms of scale factor take the forms
Notice that for non-clustering DE (c eff = 1, δ d = 0), one needs to solve only Eqs. (48) and (50) , and in this case we come back to the well-known SCM for DM [21, 54, 57] .
Neglecting the non-linear terms in Eqs. the linear overdensity evolutions as follows
In Fig. 7 , we illustrate the evolutionary behaviours of the linear/non-linear overdensities for both the DM and DBI dark energy forλ = 8.2 andf 0 = 10 4 . The figure shows that at early times the linear and non-linear perturbations overlap together, while at late times the non-linear overdensity grows very fast relative to the linear one. This result is also in agreement with that obtained by [58] for the non-phantom clustering DE (i.e. ω d > −1).
A. Spherical collapse parameters
One parameter which has an especial importance in study of SCM is the critical density or linear overdensity parameter. This quantity is defined as δ c = δ mL (z = z c ), where δ mL refers to linear matter density contrast, and it is computed by solving Eqs. (51)- (53) . For this purpose, we impose the initial conditions which lead to the divergences of the non-linear DM overdensity δ m at a specified collapse redshift z c [51, 59, 60] . Also, it is useful to introduce the virial overdensity which has a huge significance in spherical collapse scenario. This quantity is defined as ∆ vir = ζ(x/y) 3 , where ζ implies the overdensity at the turn around moment, x indicates the normalized scale factor relative to the turn around scale factor, and y refers to the ratio of the virialization radius to the turn around radius [3] . It can be shown readily that in the EdS limit, y = 1/2, ζ = 5.6, and ∆ vir = 178, without any dependence to the redshift [61] . Note that in the presence of DE, the spherical collapse parameters can change in time. Also, as pointed in [62] [63] [64] [65] , the process of virialization depends on the evolution of DE.
In Figs. 8 and 9 , the dynamical behaviors of the linear overdensity δ c (z c ), the virial overdensity ∆ vir (z c ), the overdensity at the turn around ζ(z c ), and the expansion rate of the collapsed region, h ta (z) = H(1+θ/3a) [30] , are represented for some typical choices of model parameters. From the figures we deduce that (i) at high redshifts, the linear overdensity goes toward the expected value δ c = 1.686 in the EdS limit. It should be noted that Pace et al. [66] recently showed that to satisfy the EdS limit for δ c one should take care of in choosing both the value of the numerical infinity δ ∞ and the starting time for integrating the equations, a i . To this aim, according to [66] we take δ ∞ 
B. Mass function and halo number density
Until now, we have investigated the effect of DBI dark energy perturbations on the linear overdensity threshold δ c , the virial overdensity ∆ vir , the overdensity at the turn around ζ, and the expansion rate of the collapsed region, h ta . Since these spherical collapse parameters cannot be observed directly, it is more convenient to evaluate the comoving number density of virialized structures with masses in the certain range. This quantity is related closely to the observations of structure formation. Based on the Press-Schechter formalism [22, 67] , the comoving number density of virialized structures with masses in the range M and M + dM
where ρ m 0 and σ are respectively the present matter density and the mass fluctuation rms in spheres of mass M. Also f (σ) = 2 π δc σ exp − δ 2 c 2σ 2 is the standard mass function. In spite of the fact that the standard mass function can well estimate the predicted number density of cold DM halos, but it fails by predicting too few high-mass and too many low-mass [68] [69] [70] . Thus, we implement a more popular mass function given by Sheth and Tormen (ST) [68, 69] as
with A = 0.3222, a = 0.707 and p = 0.3. According to [58] , 
where R is the scale enveloping the mass M = (4π/3)R 3 ρ m 0 , and W (kR) = 3 (kR) 3 sin(kR) − kR cos(kR) is a top-hat window function needed for the smoothing. Furthermore, P (k) is the matter power spectrum of density fluctuations defined as [71, 72] 
where n s = 0.965 ± 0.004 [7] is the scalar spectral index and c is the light speed. Also δ H 0 is the normalization coefficient of the power spectrum at the present. In addition, T (k) is the transfer function which depends on cosmological parameters and the matter-energy content in the universe. In the present work, we employ the Bardeen-Bond-Kaiser-Szalay (BBKS) transfer function given by [73] ,
where x ≡ k/hΓ and the shape parameter Γ is defined as [74] 
In the above relation, Ω B is the baryon density parameter, that we set it as 0.016h −2 [75, 76] .
In order to normalize the power spectrum to the same value today, we use σ 8 = σ 8,Λ δc(z=0) δ c,Λ (z=0) , in which σ 8,Λ = 0.8120 [7] is used to normalize the matter power spectrum of ΛCDM.
In the presence of clustering DE, the perturbations of DE affects the halo mass [50, 51, 64, 77, 78] . Consequently, in the case of clustering DE and top-hat density profile, the mass ratio of DE to DM which is defined as ǫ(z) ≡ M d /M m takes the form
In Fig. 10 , (ii) Because of the quintessence-like behaviour (ω d > −1) of our DBI models, we have δ d > 0, and therefore according to Eq. (60), we have ǫ > 0 as shown in the figure.
Taking into account the DE mass contribution to the halo mass, following [50, 79] , Eq.
where we have changed the halo mass M to M(1 − ǫ). Besides, the contribution of DE perturbations affects the mass function f (σ) by changing the quantities δ c and σ(M, z).
Here, to evaluate the number density of halo objects above a given mass at fixed redshift as n(> M) = ∞ M dn dM ′ dM ′ , we use Eqs. (61) , for our clustering DBI non-canonical scalar field models of DE. We plot the relative number density of halo objects above a given mass at redshifts z = 0, 0.5, 1, 2 for our DBI scenarios in Fig. 11 . At the present time, z = 0, we observe that DBI model predicts more abundance of virialized halos than the ΛCDM cosmology at both the low and high mass tails. We see that at higher redshifts, differences between various models are so small. Along the redshift, the number density of halos is decreasing. As expected, this decrement is more pronounced for massive halos compare to low mass halos. This result is compatible with this fact that the low mass halos were formed before larger ones.
In Fig. 12 , we illustrate the results similar to Fig. 11 but for differentf 0 . From the figure we point out that for all DBI models, the number of virialized halos is nearly close to the corresponding amount in ΛCDM. as expected, and then tend to the EdS limit (ω eff = −1, q = −1); (iv) In our DBI model, the transition redshift z t from deceleration (q > 0) to acceleration (q < 0) era is nearly close to that of the ΛCDM model.
With the help of PN formalism, we evaluated the linear growth rate of DM, D = δ m /δ m 0 , in our DBI setting. In our analysis, we considered the time evolution of the sound speed.
We further used the full expression of the effective sound speed in our calculations. Due to these improvements, our analysis in the present work is more general and precise relative to the our previous investigation [31] . Our analysis implies that the perturbation of DBI scalar field begins from small values in the initial times, and then it grow very slowly. Therefore, value of the scalar field perturbation remains very small during all the history of Universe.
As a result, the effective sound speed of the perturbations is approximately equal to the adiabatic sound speed of the model. We pointed out that the result of growth factor in the DBI models is smaller than ΛCDM model, and although k is appeared in our calculation, but D/a is scale independent. In the next step, we examined the non-linear growth of DM and DBI perturbations based on the SCM formalism. For this purpose, we computed the spherical collapse parameters including the linear overdensity δ c (z c ), the virial overdensity ∆ vir (z c ), the overdensity at the turn around ζ(z c ) and the rate of expansion of collapsed region h ta (z). Our results show the following. (i) The linear overdensity δ c at high redshifts, goes toward the expected value δ c = 1.686 in the EdS limit; (ii) The virial overdensity ∆ vir and the overdensity at the turn around ζ in initial times converge to 178 and 5.55, respectively, which are the same values corresponding to the EdS universe. This happens because the impact of DE at high redshifts is negligible; (iii) As parameterλ (f 0 ) increases (decreases), the expansion rate of the collapsed region h ta (z) behaves like that in the ΛCDM model. In addition, h ta alters its sign at higher redshifts in ΛCDM model in comparison with the DBI models. In other words, the turn-around takes places earlier in the ΛCDM model than DBI models. The parameters of the SCM make it also possible for us to estimate the fraction of DE mass to the DM mass of DM, ǫ(z) = M d /M m , and rational number density of the virialized halos exceeding an arbitrary mass, n(>M ) DBI n(>M ) ΛCDM . Our results imply that with z = 0, the rational number density of the objects in the DBI models is more than the ΛCDM result. With z = 0.5, z = 1 and z = 2, where the abundance of halos falls down, the differences between DBI model and ΛCDM become negligible.
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